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ABSTRACT

We bound from above the number of vertices of a graph in terms of the
Cheeger constant and the §-hyperbolicity of the graph. As a corollary we
get that expanders are not uniformly hyperbolic.

1. Introduction

Recently the notion of hyperbolic graphs and thin triangles was introduced [3],
generalizing geometric properties of hyperbolic spaces and using them in the
study of metric spaces, and Cayley graphs in particular. In this note, we will
bound from above the number of vertices of a graph by it’s Cheeger constant and
hyperbolicity constant. In particular we show that

6(G) > const(d, h) log |G|/ loglog |G|,

where §(G) is the hyperbolicity constant of G, h is the Cheeger constant of G, d is
a bound on the degrees of G (see definitions below) and const(d, h) is a constant
depending only on d and h. This inequality will imply that a family of expanders
is not uniformly hyperbolic. At first look this might be somewhat surprising, as
examples of expanders can be obtained by taking quotients of some hyperbolic
groups (see [4]). We start with definitions.
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Definition: Cheeger constant. Given a finite graph G = (V, E), let

(105]

h(G) = ig 5]

where S runs over all non-empty subsets of G with |S| < |V|/2, and 35, the
boundary of S, consists of all vertices in V' ~ § that have a neighbor in §.

Recall that a family {G,}n>0 of finite graphs with a uniform bound on the
degrees and |G| /* oo is a family of expanders iff inf, A(G,) > 0.

Definition: §-hyperbolic. Let G = (V,E) be a graph. Given three vertices
u,v,w € V, pick geodesics between any two to get a geodesic triangle. De-
note the geodesics by [u,v], [v,w],[w,u]. Say the triangle is é-thin if for any
v' € [u,v]

min(d(v', [w, u]), d(v', [v,w])) < 6,

and the same for v’ € [w, u] or [v,w].
G is said to be é-hyperbolic if all geodesic triangles in G are §-thin. Let

0(G) = inf{4|G is é-thin}.

There are many recent publications on hyperbolic metric spaces and graphs;
see for instance (1] or [2]. The definition of hyperbolicity via d-thin triangles is
due to Rips.

2. The inequality

Given G let h = h(G), § = §(G) and d a bound on the degrees of G. Set
R = log, |G| and pick C such that (h/2)(1 + h)(1/2=C)E > GCE We have

THEOREM 1: |G| Z (1 + h/2)5(|G|C/(6log2 d)_g)/z'

The idea of the proof is the following. Pick two vertices that realize the
diameter of G. Remove from G a ball B, centered at the middle of a geodesic
between these two vertices. By hyperbolicity the diameter of G \ B, is exponen-
tial in the radius B, with exponent depending only on §. Yet if B is not too
large, G~ B has approximately the same Cheeger constant as G. Optimizing on
the size of B gives the inequality.

Proof: Let vu be the diameter of G, and v a geodesic between u and v. Let m
be the midpoint of 7. Let B be the ball of radius CR around m. The distance
from v to u is at least R. Hence the distance from v to B is at least (1/2 — C)R.
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The same is true for the distance from u to B. Let G~ B be the graph obtained
from G by removing all the vertices of B. By (3, 7.1.A]

de glv,u) > 6(2°F/8 —9).
Now assume

|Bg~ B(v,dg « B{v,u)/2)| < |Bg« B(u,dg~ B(v,u)/2)].

That is, the volume of the ball in G~ B centred at v of half the distance in
G B, from v to u, is not bigger than the volume of the similar ball centered at
u. Thus for any r < dg < g(v,u)/2,

|06~ Bg~ B(v,7)| 2 h|Bg« p(v,7)| = [0Bg~ g(v,7) N B|.
Yet C was chosen so that for (1/2 — C)R <r <dg- g{v,u)/2,
0BG~ (v,7)[ = |B| = h/2|Bg~ p(v, 7).
(For r < (1/2 — C)R), B¢~ g{v,r) is disjoint from B.) So
Gl > (1+ hy2yte s/
> (1 + h/2)5C° " -2)/2
= (14 hy2)0UCITC =002 g

Abbreviating the constants that depend on the degree and the Cheeger constant,
the inequality has the following form:

en /8
G| > CflflG'l > es

By taking the log twice and rearranging, we get that
d(G) > const(d, h) log |G|/ loglog [G].

Probably this lower bound is not sharp. Does §(G) > ¢(h(G)) diam(G) ? Note
that if G contains a closed geodesic of length m, then 6(G) > m/2 — 1.

COROLLARY 2: Assume |G| /* oo Vn Gy, is 6-hyperbolic for some § < 0o, and
Vn deg(G,) < d; then
lim A(G,) =0.

n-—>00
That is, a family of expanders is not uniformly hyperbolic. In particular a se-
quence of balls, or other convex subgraphs, in an infinite hyperbolic graph, is not
a family of expanders.
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QUESTION: Is there a Cayley graph so that the nested sequence of balls in the
graph is a family of expanders?

Remark: An analogous result might be formulated for Riemannian manifolds
with bounded geometry.
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